INTRODUCTION
The large polarisability of Rydberg states [1] enhances the electro-optical response of a thermal Rydberg gas. The combination of thermal vapours and the spectroscopically narrow features of electromagnetically induced transparency involving Rydberg states [2] allows electrooptical effects to occur at very small electric field amplitudes. The interplay between Rydberg atoms and radiofrequency (RF) or microwave electric fields is especially interesting, since its nature strongly depends on many different parameters such as the modulation frequency, the Kepler frequency, the excitation Rabi frequencies and potentially the mutual interaction strength between the Rydberg atoms themselves. All these parameters can be made comparable in their magnitude in the experiment and tuned over a wide range, permitting exploration of different manifestations of the field-atom interaction. Ac-dressed Rydberg atoms have been employed to study microwave excitation and ionization [3, 4] , to demonstrate phase modulation of light [5] , to measure atomic polarisabilities [6, 7] and to observe Stückelberg oscillations in cold atomic ensembles [8] . Regarding potential future applications, it is especially interesting that RF-dressed Rydberg atoms have been shown to exhibit enhanced dc electric field sensitivity [9] and that Rydberg atoms also allow accurate sensing of microwave electric fields [10] [11] [12] , strong RF fields [13, 14] and RF noise [15, 16] .
Adopting the approach presented in [9] , we study RFdressed Rydberg states and reduce the size of the initial macroscopic vapour cell experiment to the length-scales of a hollow-core photonic crystal fibre (HC-PCF) [17, 18] . In this way we can not only minimize the modulation voltage and the power consumption but also increase the bandwidth. The performance of the system is analysed by the position and magnitude of sidebands in the Rydberg excitation spectrum that appear when the RF field * r.loew@physik.uni-stuttgart.de; www.pi5.uni-stuttgart.de is applied. Throughout this article we discuss a regime in which the applied modulation frequencies and powers justify a perturbative Floquet analysis of the spectroscopic features [6, 8, 9] .
THEORETICAL DESCRIPTION
The extreme sensitivity of highly excited atoms to external fields allows modification of the absorptive and dispersive behaviour of a thermal gas by weak applied electric fields. In the following we consider the effect of a RF field (with dc offset)
on a long-lived Rydberg state (Γ ryd << ω). We restrict the analysis to a regime where the modulation frequency ω is larger than the Rabi frequencies of the excitation lasers but also much smaller than the transition frequencies to neighbouring Rydberg states. This implies that the atom-light interaction cannot follow the energy modulation of the Rydberg state, enabling us to treat the external field as quasi-static. It is therefore justified to apply time-independent perturbation theory at sufficiently low field amplitudes. In this regime, the Rydberg state is split into equidistant quasi-stationary Floquet states separated by multiples of the modulation frequency [9] . The considered P -state of caesium experiences the quadratic Stark effect causing the energy of the Rydberg state ε(t) to shift according to:
Here ε 0 is the energy and α the polarisability of the unperturbed state. Inserting the electric field from Eq. 1 we obtain the expression
consisting of a static contribution and terms oscillating at ω and 2ω. If the admixture of neighbouring Rydberg states is small, the electron wave function Ψ(r, t) can be separated into a timeindependent part ψ(r) and a temporally varying part determined by Eq. 3. The time-dependent Schrödinger equation can then be integrated to obtain [6, 8] 
where the coefficients
are determined by Bessel functions of the first kind and
Equation 5 predicts not only a constant shift of the originally unperturbed Rydberg state but also the formation of sidebands with a fixed phase relationship and energies
If optically probed, these sidebands, illustrated in Fig. 1(a) , appear in the absorption spectrum and can be interpreted as being caused by multi-photon excitation involving optical excitation photons and |n| RF photons. Correspondingly, stimulated emission involving various numbers of RF photons can lead to modulation of the excitation light, which as a result acquires sidebands. It is worth noting that even for a pure ac field (E dc = 0), the root-mean-square amplitude of the ac field causes a shift of the carrier state (n = 0) according to From Eq. 5 we can infer that the relative amplitude of a specific sideband is given by the expression |A n (x, y)| 2 , which vanishes for sufficiently large n. |A n (x, y)| 2 is illustrated in Fig. 1 (b) as a function of y for both finite and vanishing dc fields. For even-order sidebands and E dc = 0, the sum in Eq. 6 reduces to a single term, since J ν (0) is nonzero only for ν = 0. For odd-order sidebands, the sum vanishes completely for E dc = 0. This is consistent with Eq. 3, which predicts modulation of the energy at ω only in the presence of a dc field.
For E dc = 0, it is particularly easy to determine the ac field amplitude that maximizes the amplitude of a specific sideband at a given driving frequency. For the second-order sidebands, for example, the relative sideband amplitude is given by |A 2 (0, y)| 2 = |J 1 (y)| 2 and reaches a maximum of ∼ 33.9% at y ≈ 1.84. For the 30P 3/2 (m J = 1/2) state (considered later) and a modulation frequency of 500 MHz, this corresponds to an ac field amplitude E ac ≈ 16.5 V/cm. Since y is at the same time proportional to the inverse of the modulation frequency ω and E 2 ac (Eq. 7), the RF voltage required to achieve efficient modulation scales with the square root of the modulation frequency.
EXPERIMENTAL SETUP AND EXCITATION SCHEME
We study RF-dressed Rydberg atoms inside a vapourfilled kagomé-type HC-PCF (core diameter 60 µm -see Fig. 2(c) ). By confining both excitation light and atoms, these broadband-guiding fibres offer an elegant way to interface atomic vapours with light. The fibre is mounted The experimental data can be accurately modelled using a density matrix approach that accounts for the magnetic sublevels and the thermal velocity of the atoms (red curve). (c) The excitation beams are combined using dichroic mirrors (DM) and focused into the fibre ends with achromatic lenses (AL). The transmission of the 895 nm probe beam is detected with a photodiode (PD). For the measurements, described here, only one field plate (red mark) was modulated.
inside a CF63 vacuum cube connected to a flexible metal bellow acting as caesium reservoir. After pumping and baking out the vacuum system, the valve connecting the chamber to the turbo pump was closed and a caesium ampoule inside the reservoir bellow was broken. The caesium then diffused into the main chamber and on into the open ends of the fibre. By changing the reservoir temperature, we are able to control the vapour density inside the main chamber. As explained later in more detail, due to slow diffusion of the atoms the vapour densities inside and outside the fibre are not at equilibrium.
As illustrated in Fig. 2(a) , the fibre is equipped with five field plates, allowing individual sections along the fibre to be addressed with electric fields. The electrodes were evaporated on to 200 µm thick glass substrates as 2 mm×22 mm silver stripes with a thickness of ∼ 1 µm (see Fig. 2(b) ). A 5 nm thick layer of chromium, deposited between the glass and the silver layer, ensured a strong bond between the glass and the electrodes. For reasons of compatibility with the reactive alkali gas, the field plates were electrically connected using in-house-fabricated coaxial transmission lines consisting of a central conductor surrounded by alumina beads and a nickel-plated copper braiding. Despite the impedance mismatch between the in-vacuum cables (∼ 28 Ω) and the air-side cables (50 Ω), this setup allows RF frequencies of over 2 GHz to be applied while requiring only low modulation voltages due to the miniaturised design.
We excite the Rydberg state via the three-photon transition |6S 1/2 , F = 3 −→ |6P 1/2 , F ′ = 4 −→ |7S 1/2 , F ′′ = 4 −→ |nP 3/2 , respectively featuring the transition frequencies 895 nm, 1359 nm and ∼ 780 nm (see Fig. 3(a) ). As shown in Fig. 3(c) , the excitation beams are combined via dichroic mirrors and focused into the fundamental mode of the fibre with achromatic lenses. The mode field diameter inside the fibre is approximately 40 µm and the in-out efficiencies of the three beams are η 895 ≈ 54%, η 780 ≈ 55% and η 1359 ≈ 33%, where the subscripts indicate the wavelength. The polarization of all beams is parallel to the applied RF field. In order to minimize Doppler broadening, the 895 nm probe beam is arranged to counter-propagate relative to the two other beams. During measurements, the two lasers driving the lower transitions were frequencystabilized by means of Doppler-free DAVLL spectroscopy [19] and two-photon polarisation spectroscopy [20] , while the 780 nm laser was scanned across the Rydberg line. A photodiode detected the transmitted probe light, which we measured as a function of the Rydberg laser detuning ∆ c . We scaled the detuning axis using a Fabry-Pérot cavity that was actively length-stabilised via the locked probe laser. Figure 3(b) shows the typical transmission spectrum of the probe field measured in a reference cell. Qualitatively, the two transmission peaks in the signal result from the two dressed states emerging when the intermediate transition is diagonalised. For a more quantitative understanding of the lineshape, the thermal velocity of the atoms must be taken into account [21] . We modelled the atomic system with a density matrix approach using the Liouville-von Neumann equation. In the simulations we included the hyperfine magnetic sublevels m F of the lower three states, a single Rydberg state for each magnetic quantum number (the hyperfine splitting of the Rydberg state is not resolved in the experiment), the dark hyperfine ground state (6S 1/2 , F = 4) and transit time effects via an additional decay channel for all states. We calculated the density matrix for all relevant velocity classes of the atoms and obtained a Doppler-averaged density matrix ρ by weighting the results with a Boltz- In all traces, the largest signal (shaded grey) originates from the unmodulated parts of the fibre. The field amplitudes were estimated from the red-shift of the carrier state (n = 0) and vary slightly from each other due to the transmission properties of the in-vacuum coaxial cable. RF-induced sidebands are clearly visible on both sides of the carrier state. At high modulation frequencies only the ±2 orders are visible, whereas at lower modulation frequencies more sidebands appear. The existence of odd-order sidebands is attributed to local electric fields inside the fibre, which are estimated to be smaller than 5% of the applied ac field.
mann distribution. Within the applied framework, the absorption of a two-level system is determined by the imaginary part of the coherence between the two states. For the multi-level system considered here, the absorption of the probe laser is determined by Imρ 21 , representing the sum of all coherences between the magnetic substates of the ground state and the magnetic substates of the first excited state. In this sum, every coherence is weighted with the corresponding transition dipole matrix element. We related our simulations to the experimental data by fitting the expression t = a · exp(b Imρ 21 ) to the transmission spectra (treating a and b as free fitting parameters) and obtained good agreement (see Fig. 3(b) ).
RESULTS
In the following we present spectroscopic results obtained in the hollow-core fibre while a single field plate (marked in Fig. 3(c) ) was modulated at frequencies up to 500 MHz. The fibre had been exposed for 5 weeks to a Cs atmosphere at different chamber temperatures of up to 90
• C. The reservoir temperature was always kept below the chamber temperature. The optical density (of the resonant probe transition) measured inside the fibre was OD f = 4.4 and smaller than the optical density of the surrounding chamber OD ch = 19. Due to the mismatch in optical density, which as mentioned originates from the slow diffusion of the atoms into the fibre, we do not expect the atomic number density to be uniform along the fibre at the time of the measurements. In fact, a Stark-shifted signal was only observed when either one of the two outermost plates was modulated. Future studies may reveal whether the lack of signal from the inner sections of the fibre is due to the absence of Cs atoms or to high electric fields prohibiting Rydberg excitation. In all the measurements, the chamber and reservoir temperatures were T ch ≈ 84
• C and T res ≈ 47
• C respectively. The modulation potential was purely sinusoidal (i.e. no dc offset was applied) and the externally supplied RF voltage was U rf = 250 mV (∼ 1 dBm). At the input face of the fibre, the beam powers were p 895 = 1 µW, p 1359 = 8.2 µW and p 780 = 25.5 mW. The excited Rydberg state 30P 3/2 (m J = ±1/2) possesses a polarisability α 30P 3/2 = 26.93 MHz/(Vcm −1 ) 2 [22] . Figure 4 shows the probe transmission (averaged over 500 traces) for four different modulation frequencies between 250 MHz and 500 MHz as a function of ∆ c . In all the traces, the largest signal (marked by shaded area) originates from the unmodulated part of the fibre, through which the probe beam passed before it encountered the modulated section at the far end of the fibre (see Fig. 3(c) ). Due to the high probe power employed, the signal is broadened and the depth of the central absorption dip is smaller than in the weak-probe limit. In the modulated section of the fibre, the atomic resonance (corresponding to n = 0 in Eq. 8) is red-shifted. The shifted Rydberg state, which we refer to as the carrier, gives rise to a distinct and clear signal in the spectrum at negative detunings ∆ c . Setting E dc = 0 we used Eq. 4 to estimate the field amplitude E ac from the red-shift of the carrier state. Due to the frequency response of the coaxial transmission line we obtained slightly different field amplitudes for the different modulation frequencies lying between ∼ 8.6 V/cm at 500 MHz and ∼ 10.1 V/cm at 250 MHz. From the geometry of the setup we conclude from these results that, at a modulation frequency of 500 MHz, approximately 70% of the input RF voltage is transferred to the field plates. This is consistent with the impedance mismatch between the air-side coaxial cable and the self-built in-vacuum transmission line.
As expected, the carrier state is accompanied by RFinduced sidebands separated by multiples of the RF frequency. At high modulation frequencies, only second order sidebands can be identified and the carrier state possesses the largest amplitude. At lower modulation frequencies, higher-order sidebands also appear and the carrier amplitude falls. For the second order sidebands, relative amplitudes of ∼ 5% and ∼ 29% are reached at modulation frequencies of 500 MHz and 250 MHz respectively. Strikingly, the sideband spectrum becomes asymmetric in the case of low modulation frequencies and also odd-order sidebands occur. Since no dc field was applied, both these effects must be attributed to local electric fields inside the fibre. This observation confirms previous findings [18] , where line-shifts indicated the presence Fig. 4 . The blue bars represent experimental data determined from the spectra. The red bars represent a fit of the theoretically expected amplitude |An(x, y)| 2 . The field amplitudes (given in V/cm) are extracted from the fit parameters x and y (see Eq. 7) and agree within 4% with the ac field amplitudes estimated from the red-shift of the carrier state. Despite its low amplitude (< 0.5 V/cm), the local dc field inside the fibre induces considerable asymmetry.
of local electric fields inside a kagomé-PCF with a core diameter of 60 µm. These shifts seemed to vanish after long-term exposure of the fibre to a Cs atmosphere [18] .
To compare the experimental results with theoretical predictions and to estimate the local dc field inside the fibre, we fitted |A n (x, y)| 2 (see Eq. 6) to the experimentally obtained sideband amplitudes of the data-set shown in Fig. 4 . We then extracted the ac and dc field from the fit parameters x and y (see Eq. 7). This procedure assumes that the ac and dc fields are parallel, while the dc field inside the fibre is likely to be randomly oriented. Since, however, the tensor polarisability of the 30P 3/2 state is smaller than 10% of the scalar polarisability [22] , we are confident that a good estimate of the field strengths can be obtained. Figure 5 shows both the experimental data and the fits, which are in excellent agreement with each other. The fitted amplitudes E ac correspond within 4% to the values estimated from the red-shift of the carrier state. For the dc fields, we obtained field strengths smaller than 0.5 V/cm, which is again consistent with previous results [18] . In the parameter regime investigated, the sideband spectrum becomes relatively insensitive to small dc fields at large modulation frequencies. As a result, the estimated field amplitudes E dc have relatively large uncertainties in the high frequency case (see Fig. 5 ). Nevertheless, it is striking that the local dc field experienced by the atoms seems to increase with decreasing modulation frequency. While this behaviour is not yet understood, further investigations are expected to yield valuable insight into the charge dynamics inside the fibre.
OUTLOOK
In future experiments we plan to exploit the spatial resolution of patterned electrodes to obtain a more detailed understanding of diffusion, adsorption and desorption effects inside the fibre core. Also promising is the integration of the modulation electrodes in the form of conductive microwires inside the fibre [23] . This will allow even smaller modulation voltages and will lead to larger bandwidths. Due to the tensor polarisability of P 3/2 states, the magnitude of the individual sidebands can provide a more detailed insight into the direction of the electric fields and the distribution of ions potentially sitting on the walls of the hollow fibre core.
So far we have observed and analysed the applied radio-frequency fields only in terms of additional fielddependent spectroscopic features. If an efficient, miniaturised electro-optical device is to be realised, the backaction of the atomic system on the excitation light must be investigated. This can be carried out by measuring the amplitude of the optical sidebands (e.g., using a heterodyne setup). The kagomé-PCF system also allows the study of the atomic response in a regime where a perturbative approach is insufficient. This could be achieved either by applying microwaves resonant to RydbergRydberg transitions or by increasing the power to a level where the Rabi frequencies become comparable to the transition frequencies between Rydberg states. In both cases the optical response of the system could then be studied in situations where the Rydberg electron cannot adiabatically follow the applied fields.
